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Coulomb drag
Ø Two electrically isolated conductors

 only upper conductor is biased 
 current is dragged in lower if they are coupled via the 

Coulomb interaction (energy and momentum transfer) 

Pogrebinskii (1977)

layered systems (2DEG, graphene) 
1D wires 
QH edge states 
…

Review: Narozhny, Levchenko (2016)
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Ø 0D, single-electron systems

Coulomb drag
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In Coulomb drag, a current flowing in one conductor can induce a voltage across an adjacent conductor via
the Coulomb interaction. The mechanisms yielding drag effects are not always understood, even though drag
effects are sufficiently general to be seen inmany low-dimensional systems. In thisLetter, we observeCoulomb
drag in a Coulomb-coupled double quantum dot and, through both experimental and theoretical arguments,
identify cotunneling as essential to obtaining a correct qualitative understanding of the drag behavior.
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Coulomb-coupled quantum dots yield a model system for
Coulomb drag [1], the phenomenon where a current flowing
in a so-called drive conductor induces a voltage across a
nearby drag conductor via the Coulomb interaction [2].
Though charge carriers being dragged along is an evocative
image, as presented in early work on coupled 2D-3D [3] or
2D-2D [4] semiconductor systems, later measurements
in graphene [5,6], quantum wires in semiconductor
2DEGs [7–10], and coupled double quantum dots [11] have
indicated that the microscopic mechanisms leading to
Coulomb drag can vary widely. For example, collective
effects are important in 1D, but less so in other dimensions.
All drag effects require interacting subsystems and vanish
when both subsystems are in local equilibrium.
AperfectCoulombdragwith equal drive and drag currents

has beenobserved in a bilayer 2Delectron system: effectively
a transformer operable at zero frequency [12]. Coulomb-
coupled quantum dots can rectify voltage fluctuations to
unidirectional current, with possible energy harvesting
applications [13,14]. This rectification of nonequilibrium
fluctuations is similar to a ratchet effect, as observed in
charge- [15–18] and spin-based nanoelectronic devices [19],
as well as in rather different contexts such as suspended
colloidal particles in asymmetric periodic potentials [20].
Coulomb-coupled dots have also been proposed as a means
for testing fluctuation relations out of equilibrium [1].
An open question is how higher-order tunneling events in

the quantum coherent limit contribute to Coulomb drag
processes [21]. In this Letter, we present experimental
measurements and theoretical arguments showing that simul-
taneous tunneling of electrons (cotunneling) is crucial to
describe drag effects qualitatively in Coulomb-coupled
double quantumdots (CC-DQDs). Previous theoretical work
has obtained drag effects with sequential tunneling models
[1] (for an exception, see Ref. [22]), and these models have
been invoked inmeasurements of stacked graphene quantum

dots [21]. We demonstrate here that for a DQD, cotunneling
contributes to the drag current at the same order as sequential
tunneling in a perturbation expansion. This has profound
consequences in experiment, notably a measurable drag
current even when the drag dot is far off resonance, and a
gate voltage-dependent vanishing of the Coulomb gap above
which the drag current can be measured. Our experiment
shows that the drag mechanisms considered can be observed
in highly tunable GaAs=AlGaAs QDs, not only in graphene.
We also achieve the unexplored regime kT ≪ ℏΓ, whereT is
temperature and Γ is a tunnel rate, which is outside the scope
of theories to date.
Our device [Fig. 1(a)] consists of a lithographically

patterned AlGaAs/GaAs heterostructure with electron
density 2 × 1011 cm−2 and mobility 2 × 106 cm2=Vs.
All measurements are taken in a dilution refrigerator.
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FIG. 1. Device and model. (a) Top-down SEM image of a
device nominally identical to that measured. Ti=Au gate electro-
des (light gray) are patterned on the substrate surface (dark gray).
Colored circles represent the QDs. Arrows indicate where
electrons can tunnel. (b) Cartoon showing names of gates,
reservoirs, and dots. ΓSi is the tunnel rate between reservoir Si
and dot i. (c) Capacitor and tunnel junction network. Interdot
tunneling is strongly suppressed and not included in the model.
Direct capacitance between gate P1 (2) and dot 2 (1) is omitted
from the diagram for clarity, along with some labels.
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When a biased conductor is put in proximity with an unbiased conductor a drag current can be induced

in the absence of detailed balance. This is known as the Coulomb drag effect. However, even in this

situation far away from equilibrium where detailed balance is explicitly broken, theory predicts that

fluctuation relations are satisfied. This surprising effect has, to date, not been confirmed experimentally.

Here we propose a system consisting of a capacitively coupled double quantum dot where the nonlinear

fluctuation relations are verified in the absence of detailed balance.
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Introduction.—Mesoscopic physics offers a unique labo-
ratory to investigate the extension of equilibrium
fluctuation-dissipation theorems into the nonlinear non-
equilibrium regime [1]. The equilibrium fluctuation-
dissipation theorem and its closely related Onsager sym-
metry relations [2] are a corner stone of linear transport. It
has therefore been natural to ask whether such relations
exist also if the system is driven out of the linear transport
regime. For steady state transport, fluctuation relations
have been developed which relate higher order response
functions to fluctuation properties of the system [1,3– 6].
For example, the current response to second order in the
voltage (the second order conductance) is related to the
voltage derivative of the noise of the system and, in the
presence of a magnetic field, to the third cumulant of the
current fluctuations at equilibrium [1,5].

Clearly, tests of nonequilibrium fluctuation relations are
of fundamental interest. From a theoretical point of view,
the task is to propose tests in which crucial relations valid
at equilibrium fail in the nonlinear regime and to demon-
strate that, despite such a failure, fluctuation relations hold.
For instance, we have suggested experiments which test
fluctuation relations for systems in the presence of a mag-
netic field and in a regime where the Onsager relations are
already known to fail [1,7]. Such experimental tests are
currently under way [8]. Here we propose to test fluctua-
tion relations in a system where away from equilibrium we
have no detailed balance. We consider two quantum dots in
close proximity to each other such that they interact via
long-range Coulomb forces, as shown in Fig. 1. The ab-
sence of detailed balance is manifest in a Coulomb drag
[9]: the charge noise of one of the systems (the driver)
drives a current through the other unbiased system [10].
Therefore, the drag current is a direct indication that this
fundamental symmetry is absent. Nevertheless, we dem-
onstrate below that there exist fluctuation relations.

The interaction of two systems in close proximity to
each other plays a role in many important setups in physics.
We recall here only the interaction of a detector with a
system to be measured [11], which also provides a test of

fluctuation relations [12]. The shot noise current-current
correlation in nearby quantum dots which do not exchange
particles has been measured by McClure et al. [13] and
discussed theoretically [14,15]. Recently, reciprocity rela-
tions of two coupled conductors were proposed by
Astumian [16]. Here we emphasize that one conductor,
even if unbiased, can act as a gate to the other conductor.
As a consequence, the currents are not a function only of
voltage differences applied to each conductor but also
depend on potential differences of one conductor to the
other one. In an instructive work, Levchenko and Kamenev
discuss the mesoscopic Coulomb drag for two quantum
point contacts in close proximity [17]. In this geometry,
charging of the point contacts can be neglected and the
coupling of the two conductors is extrinsic via the capaci-
tance of the leads.
General theory.—The probability PðN; tÞ that N ¼

ðN1; . . . ; NMÞparticles are transmitted through M leads
during time t characterizes the statistical properties of

FIG. 1 (color online). Sketch of two capacitively coupled
quantum dots, each one attached to two different terminals.
For very large intradot charging energy, only four charge states
are allowed, as depicted. Their dynamics is governed by the
tunneling rates !%

l and !%
l .
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 sigle level QD, broken detail balance 
(energy-dependent lead couplings)
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Ø Experiment, QD

Keller et al. (2016)

 cotunnelling is crucial
Kaasbjerg, Jauho (2016)

 graphene-based QD
Volk et al. (2015) 

Bischoff et al. (2016)

 lithographically-patterned QD

Keller et al. (2016)



Ø Energy harvesting from thermal/voltage fluctuations, 
thermocouple heat engine

Coulomb drag

Sánchez, Büttiker (2011) 
Sothmann, Sánchez, Jordan, Büttiker (2012) 
Sánchez, Sothmann, Jordan, Büttiker (2013) 

Sothmann, Sánchez, Jordan (2015) 
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 energy-dependence and asymmetry of lead coupling essential

T1 = T2
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We present a microscopic discussion of a nano-sized structure which uses the quantization of energy levels
and the physics of single charge Coulomb interaction to achieve an optimal conversion of heat flow to directed
current. In our structure the quantization of energy levels and the Coulomb blockade lead to the transfer of
quantized packets of energy from a hot source into an electric conductor to which it is capacitively coupled. The
fluctuation-generated transfer of a single energy quantum translates into the directed motion of a single electron.
Thus in our structure the ratio of the charge current to the heat current is determined by the ratio of the charge
quantum to the energy quantum. An important novel aspect of our approach is that the direction of energy flow
and the direction of electron motion are decoupled.
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I. INTRODUCTION

Recently thermal and thermoelectric transport phenomena
have found increasing attention in the scientific community. A
particularly interesting task is the harvesting of energy from
fluctuating environments to gain power for devices which are
not permanently coupled to power sources. Our interest is in
small mesoscopic structures which are well controlled and can
be used to investigate basic aspects of thermoelectric transport
phenomena. In small-scale systems fluctuations are always
present and significant compared to the average behavior.
Channeling environmental fluctuations in a controlled way
allows for instance to generate an electric current by converting
environmental energy into directed motion.

When the components of circuits are reduced to the
nanoscale, quantum physics becomes important. For instance,
energy is discrete in quantum dots so transport spectroscopy
shows narrow resonances. In the mesoscopic regime, a set
of pioneering thermoelectric experiments came with the
work of Molenkamp et al.1– 3 There, the transport response
to temperature gradients created through a quantum point
contact1,2 and quantum dot3 is measured. Recently circuit
elements that manipulate heat flows rather than electric
currents have been proposed or demonstrated in systems of
reduced dimensionality,4 including rectifiers,5– 7 pumps,8– 10 or
refrigerators11,12 that can approach the quantum limit.13,14

We consider a conceptually simple system which however
turns out to be a laboratory for many (even counter intuitive)
thermoelectric effects depending only on how different param-
eters are chosen. Importantly among them, our device allows
energy to work conversion at the highest efficiency. A quantum
dot is coupled to two reservoirs via two tunnel contacts which
permit carrier exchange and is coupled capacitively to a gate
such that there is only energy exchange between the conductor
and the gate but remarkably no particle exchange. The gate
is itself structured into a quantum dot that permits carrier
exchange with its reservoir. Thus there are two islands (dots)
which interact only through the long-range Coulomb force
(see Fig. 1). To be specific, here we take the transmission
through the tunnel barriers to be sufficiently small such that
transport is defined by sequential tunneling of single electrons.
Then, the dynamics of the system can be described by a
master equation.15,16 If intradot Coulomb repulsion is strong
enough, the number of extra electrons in each quantum dot

fluctuates between zero and one. The probability to find two
extra electrons in one quantum dot is negligible. In such a
configuration, the spin of the electron can be ignored.

Quantum dots with the required properties17 have been
explored in metallic grains, semiconductor two-dimensional
electron gases and recently in nanowire heterostructures where
the charging energy and the level spacing can be controlled.18

These two energy scales constitute an upper bound to the
temperature range for other thermoelectric quantum dot
devices where heat is transported together with charge.11 Our
mechanism depends on the charge occupation of the quantum
dots, so only charging energy is a relevant scale. Semiconduc-
tor quantum dots have typically charging energies which are
an order of magnitude larger than the level spacing. Larger
charging energies can be obtained in molecular structures.

If the two dots are far from each other, they can be bridged
to nevertheless obtain a strong coupling19,20 at the same time
ensuring good thermal isolation between the system and gate
reservoirs. Effectively we have a three-lead system with three
independent reservoirs. The case of a four-terminal structure in
which each dot is coupled to two reservoirs has been the subject
of a separate work by the two authors in collaboration with
R. López and D. Sánchez.21 Such a four-terminal configuration

V1, T1 V2, T2

Vg, Tg

I

Jg

gate quantum dot

charge conducting
quantum dot

C1 C2

Cg

V1 V2

Vg

C

FIG. 1. (Color online) Energy to current converter. The con-
ductor, a quantum dot open to transport between two fermionic
reservoirs at voltages V1 and V2 and temperatures T1 and T2, is coupled
capacitively to a second dot which acts as a fluctuating gate coupled
to a reservoir at voltage Vg and temperature Tg . Here we discuss the
case T1 = T2 = Ts .
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Fig. 1. (a) Energy diagram of a Coulomb-coupled QD system (QD1 and QD2) with three terminals H, L and R with temperatures TH, TL and TR and 
electrochemical potentials V H, V L and V R, respectively. Due to capacitive coupling, the electrochemical potentials µ(1) and µ(2) of the dots (solid lines) 
change by EC when the occupation number of the respective other dot changes by 1. (b) and (c) Experimental realisation of a Coulomb-coupled QD system 
with split gates (yellow) for thermoelectric experiments. QD1 connects to the hot reservoir H (red), while QD2 is coupled with two cold reservoirs L and R 
(blue). The temperature in H is controlled by driving a heating current Ich through the channel between contacts I1 and I2.

of transport in the conductor system by what we call thermal gating. This effect can be used to control charge flow in 
the conductor by means of temperature. Furthermore, we will present a brief discussion based on model calculations in 
order to substantiate that thermal gating may also be useful to design an all-thermal transistor. The second regime will be 
addressed in section 4 . Here, heat flow between the reservoirs is essential. We will discuss experiments that demonstrate 
the conversion of heat flow into a directed charge current after the proposal in Ref. [3]. In this new type of heat engine, 
electron–hole and left–right symmetry are broken by asymmetric and energy-dependent tunnelling coefficients in the con-
ductor system. In the experiments, this is achieved by manipulating the potential barriers via external gate voltages. This 
allows for direct tests of the underlying theory and shows how the directions of heat and charge flow become decoupled in 
the device.

2. Coulomb-coupled quantum dots with three terminals

A three-terminal geometry permits the spatial separation of the electronic conductor and the heat source. Two terminals, 
which we label L and R, support the electronic response to voltage or longitudinal temperature gradients: !V = V L − V R, 
!TL, !TR. The third terminal is not invasive from the electronic point of view. Being coupled with the external heat source, 
at a temperature TH, it injects a heat current JH, but no electron into the conductor.

The thermoelectric response relies on the properties of the mesoscopic region which connects the three terminals. On 
the one hand, it is required that the symmetries of the charge-conducting part can be tuned, in particular left–right and 
particle–hole symmetries. On the other hand, it determines what kind of interaction couples it with the heat source. For 
both reasons, coupled quantum dot interfaces are beneficial. Among their peculiar electronic properties, they have a discrete 
spectrum, with the position of the energy levels and their coupling with the lead being tunable by means of gate voltages. 
Also, due to their reduced dimensions, Coulomb interactions are strong. One then accesses the Coulomb blockade regime 
where the dynamics is governed by single-electron tunnelling [106].

Let us consider an interface consisting of two dots: one is connected to the two conducting terminals, the other one 
tunnel-coupled with the heat source, cf. Fig. 1. The capacitive coupling between them introduces a mechanism for no 
particle but energy exchange between the conductor and the heat source. Fluctuations of the charge in one of the quantum 
dots translates into voltage fluctuations in the other one, δQ = CδV . Two tunnelling events occurring in the same quantum 
dot just before and just after one of such fluctuations hence occur at different electrochemical potentials, their difference 
being carried by the tunnelling electron. The resulting energy transfer mediates the injection of heat from the source, which 
can be thus controlled at the level of single-electron processes.

Due to the discretisation of energy levels in quantum dots, the amount of transferred energy in each of these processes 
is fixed and determined by the geometrical capacitance of the total system: EC. This quantity serves as the quantum of 
transferred heat. It permits the mapping of charge fluctuations into energy exchange in full-counting statistics measure-
ments [107]. This way, not only the flow of heat but also its fluctuations can be measured [108].

Voltage Fluctuation to Current Converter with Coulomb-Coupled Quantum Dots
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We study the rectification of voltage fluctuations in a system consisting of two Coulomb-coupled
quantum dots. The first quantum dot is connected to a reservoir where voltage fluctuations are supplied and
the second one is attached to two separate leads via asymmetric and energy-dependent transport barriers.
We observe a rectified output current through the second quantum dot depending quadratically on the noise
amplitude supplied to the other Coulomb-coupled quantum dot. The current magnitude and direction can
be switched by external gates, and maximum output currents are found in the nA region. The rectification
delivers output powers in the pW region. Future devices derived from our sample may be applied for energy
harvesting on the nanoscale beneficial for autonomous and energy-efficient electronic applications.

DOI: 10.1103/PhysRevLett.114.146805 PACS numbers: 73.23.-b, 73.50.Td, 73.61.Ey, 85.30.-z

Extracting work from random fluctuations by energy
conversion to a unidirectional particle flow is a key
enabling technology and has consequently triggered sub-
stantial experimental and theoretical work [1–4]. The
exploitation of temperature and fluctuation gradients for
energy harvesting has led to new concepts such as
Brownian and Büttiker-Landauer motors [5–8], phonon
rectifiers [9,10], and piezoelectric nanogenerators [11–13].
Challenging factors in miniaturizing heat engines are an
efficient energy conversion and the maintenance of well-
defined hot and cold spots [14]. Quantum dot structures are
among the smallest possible heat engines conceived thus
far. Pioneering work in this field was conducted by, among
others, Molenkamp et al., who measured the Seebeck
voltage of single quantum dots (QDs) and quantum point
contacts (QPCs) [15–17]. In recent years, research con-
cerning heat engines based on QDs and QPCs followed
[18–22]. Furthermore, Coulomb-coupled systems attracted
attention due to their ability to generate currents in
unbiased wires via the Coulomb drag [23–25]. A striking
proposal combining rectifying effects with QDs was
recently made by Sánchez et al., who showed that two
capacitively coupled QDs connected to electron reservoirs
operated in the Coulomb-blockade regime can act as a
rectifier that transfers each energy quantum that passes
from one to the other QD to the motion of single electrons
(i.e., to charge quanta) [26]. Notably, the heat and charge
current directions are decoupled in the proposed system.
Later, Sothmann et al. investigated a similar design based
on open QD systems (with conductances higher than the
conductance quantum) exhibiting higher output currents,
which makes this proposal more accessible to experimental
realization [27,28]. Furthermore, it combines maximum
output power as well as maximum efficiency at the
same electrostatic configuration, which is in contrast to

Coulomb-blockade systems, where maximum efficiency
theoretically occurs at zero output power [26].
In this Letter, we present a system that converts voltage

fluctuations into a directed current depending on the
fluctuation’s amplitude and whose direction and magnitude
can be manipulated via external gates.
The operation principle of the device is illustrated in

Fig. 1(a) where the upper QDt is represented as the cavity
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FIG. 1 (color online). (a) Schematic operating principle. Top:
Designation of system components. Center: Asymmetric con-
figuration with charge current flow to the right. Bottom: Asym-
metric configuration with charge current flow to the left. For
details see main text. (b) Electron microscopy image of the
sample. The top, current carrying part of the system is shaded in
blue, the bottom part, where the voltage fluctuations are supplied,
in red. The respective QDs QDt and QDb are highlighted in dark
blue and dark red. (c) Equivalent circuit with corresponding
capacitances. The current through the upper part is measured via a
picoamperemeter. The two upper side gates and their voltages Vgl

and Vgr control the conductances of the left and right channel,
whereas Vgb influences both channels almost equally and shifts
the QD’s energy levels. Vnoise can be added to Vgb and provides
the fluctuations which the device is able to rectify.
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Thermal drag

dragged heat current

temperature bias

 Capacitively-coupled metallic islands, lead coupling 
energy-independent

Im ¼ lnðPn;NÞ − lnðPnÞ − lnðPNÞ, where Pn and PN are
the occupation probabilities of n and N, respectively. As
Pn¼0 ¼ Pn¼1 ¼ PN¼0 ¼ PN¼1 ¼ 0.5, mutual information
changes in a tunneling event from g to c as ΔIm;g→c ¼
lnðPc=PgÞ, and for c → g as ΔIm;c→g ¼ −ΔIm;g→c
[6,33,34]. Tunneling events in the demon change mutual
information at the rate

_Im;d ¼ ln
!
Pc

Pg

"
ΓdðJÞPg þ ln

!
Pg

Pc

"
Γdð−JÞPc: ð5Þ

The majority of the tunneling events in the demon are
c → g transitions, and since Pg > Pc, _Im;d is positive. The
rate of mutual information change by the system tunneling
events is _Im;s ¼ −_Im;d. As discussed in Ref. [34], the
system heat generation satisfies _Qs ≥ −kBTs _Im;d, implying
that the maximum amount of cooling is bound by the
amount of mutual information generated by the demon.
Correspondingly, generating mutual information has a
thermodynamic cost for the demon as _Qd ≥ kBTd

_Im;d.
This can also be understood in terms of the configurational
entropy Sconf ¼ − ln ½Pðn;NÞ& as follows [34]: tunneling
events in the demon bring the circuit from unlikely state c
to the more probable state g, decreasing Sconf . At least an
equivalent of heat must be dissipated to satisfy the second
law. On the other hand, most of the tunneling events in the
system bring the setup to a more improbable state c,
increasing configurational entropy. The second law then
allows cooling by at most the amount of configurational
entropy decreased; i.e., −ΔSs ≤ ΔSconf . We note that in the
limit Rd ≪ Rs, Pðn;NÞ follows the thermal equilibrium
distribution of the demon. Then lnðPg=PcÞ ¼ J=kBTd such
that _Im;d ¼ _Qd=kBTd by Eqs. (4) and (5). This implies that
measurement of heat generated in the demon is also a direct
measurement of information extracted by the demon.
Figure 2(a) shows a scanning electron micrograph of

the experimental realization of Maxwell’s demon. It was
fabricated by standard electron beam lithography combined
with shadow evaporation [35] of copper (normal metal) and
aluminum (superconductor) metal films. Our device has the
following parameters: Es=kB ≃ 1.7 K, Ed=kB ≃ 810 mK,
J=kB ≃ 350 mK, Rs ≃ 580 kΩ, and Rd ≃ 43 kΩ (two
parallel junctions each with ≃85 kΩ tunneling resistance).
The fully normal system and demon junctions are
realized with the laterally proximized aluminum dot tech-
nique [36]. We determine the heat generated in the left (L)
and right (R) lead of the system as well as the lead of the
demon by measuring the respective temperatures TL, TR,
and Td, as indicated in Fig. 2(a). This is achieved by
reading the voltage of current-biased normal metal-
insulator-superconductor junctions; see, e.g., Ref. [37].
Finally, the leads of the system and the demon are
interrupted with direct contacts to superconducting leads,
which permit charge transport by Andreev processes [38]
but block heat transport at low temperatures. The structure
is measured in a 3He=4He dilution refrigerator at the bath

temperature of 40 mK. Details on the device fabrication and
measurement configuration are given in the Supplemental
Material [32].
The continuous heat generation is mediated primarily by

lattice phonons that couple with the conduction electron
heat bath at temperature TL=R=d, contributing _Qm;ph ¼
ΣVmðT5

0;m − T5
mÞ, m ¼ L, R or d, where Σ is a material-

specific constant, Vm is the volume of the circuit element,
and T0;m is the base temperature [39]. For the left and right
electrodes of the system, VL=R≈2.8 μm×70 nm×20 nm.
Its island is approximately twice as large in volume. The
demon has the total volume Vd ≈4 × 3.2 μm × 150 nm×
20 nm. We use Σ≈4 × 109 Wm−3K−5 for Cu. The rate
of electron tunneling (106 Hz) in our device is faster than
the phonon relaxation rate (104 Hz); however, it is small
compared to the inelastic electron-electron relaxation rate,

(b) I  (pA)

1 µm

∆Td

∆TR
∆TL(a)

(c) ∆T   (mK)d

FIG. 2 (color online). Experimental realization. (a) A scanning
electron micrograph of the structure. False color identifies the
system island (light blue), its left lead (dark blue), and right lead
(dark green), as well as the demon island (orange) and its leads
(red). The system temperature deviations from their base value,
ΔTL, ΔTR, and ΔTd, are measured at the indicated locations (see
Supplemental Material for details of measurement setup [32]).
(b) I at V ¼ 120 μV. When Ng is an integer, I is modulated by ng
as in a standard SET. When Ng ∼0.5, I is smaller due to demon
interaction. (c) ΔTd at V ¼ 120 μV. When ng, Ng ∼0.5, ΔTd

elevates due to the information flow between the system and the
demon. Measured data in (b) and (c) are shown on the left and
numerically obtained predictions on the right.
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Capacitively-coupled metallic islands

 Coulomb-blockade regime 
 Lead-island couplings are energy-independent 
 Sequential tunneling
 No dragged charge current, even for

RL2 6= RR2 Finite dragged heat current for

drive circuit

drag circuit
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Capacitively-coupled metallic islands

 Electrostatic energy

 Electrostatic energy change for transitions in lower island

nx1 = Vg1
Cg

e

nx2 = Vg2
Cg

e

U(n1, n2) = EC,1 (n1 � nx1)
2 + EC,2 (n2 � nx2)

2 + EI (n1 � nx1) (n2 � nx2)

inter-island interaction energy controlled by CI

�U2(n1, n2) = U(n1, n2 + 1)� U(n1, n2)

depends on the charge state in island 1



Capacitively-coupled metallic islands

nx1 = nx2 = 1
2

 Heat currents are modulated through gate voltages

IE

1 1n =

2(0,0)Uδ

a)

2 (1,0)Uδ

b)1 0n =
upper island is empty upper island is occupied

4

(n1, n2 + 1) and (n1 + 1, n2 + 1). In Eq. (5), �(c)
↵,i(n1, n2)

is the particle transition rate for an electron to reach is-
land i from lead ↵ [with the island initially in the state

(n1, n2)], and �(c)
i,↵(n1, n2) is the particle transition rate

for an electron leaving island i to reach lead ↵ [with
the island in the final state (n1, n2)]. As long as the
energy-dependence of the lead-island couplings39 can be
disregarded (see Sec. II C, where this assumption will be
lifted), the particle and heat transition rates can be writ-
ten as

�(c/h)
↵,i (n1, n2) =

1

e2R↵
F (c/h)
↵i [�Ui(n1, n2) � eV↵], (7)

and

�(c/h)
i,↵ (n1, n2) =

1

e2R↵
G(c/h)

i↵ [�Ui(n1, n2) � eV↵]. (8)

In Eqs. (7) and (8) the functions F (c/h)
↵i and G(c/h)

i↵ are
defined as

F (c)
↵i (E) =

Z +1

�1
d✏ f↵(✏)[1 � fi(✏ � E)], (9)

G(c)
i↵ (E) =

Z +1

�1
d✏ fi(✏ � E)[1 � f↵(✏)], (10)

F (h)
↵i (E) =

Z +1

�1
d✏ ✏ f↵(✏)[1 � fi(✏ � E)], (11)

and

G(h)
i↵ (E) =

Z +1

�1
d✏ ✏ fi(✏ � E)[1 � f↵(✏)], (12)

where fk(✏) = (1 + e✏/kBTk)�1 is the Fermi distribution
at temperature Tk. The two quantities

�U1(n1, n2) = U(n1 + 1, n2) � U(n1, n2)

�U2(n1, n2) = U(n1, n2 + 1) � U(n1, n2) (13)

represent the jumps in the electrostatic energy related
to the transitions [note that they appear in Eqs. (9-12)
as chemical potentials of the islands]. In the case where
all temperatures are equal to T , Eqs. (7) and (8) for the
charge reduce to

�(c)
↵,2(n1, n2) =

1

e2R↵

�U2(n1, n2)

exp
h
�U2(n1,n2)

kBT

i
� 1

, (14)

and

�(c)
2,↵(n1, n2) =

1

e2R↵

��U2(n1, n2)

exp
h
��U2(n1,n2)

kBT

i
� 1

. (15)

The assumption of energy-independent couplings al-
lows us to make general statements thanks to the fact

that the currents I(c/h)↵ are proportional to 1/R↵. In the
lower circuit, in particular, the proportionality constants

are equal for the two leads (i. e., I(c)L2 RL2 = I(c)R2RR2 and

I(h)L2 RL2 = I(h)R2 RR2) since no biases are applied. As far
as charge is concerned, current conservation in the lower

circuit (I(c)L2 +I(c)R2 = 0) implies that the individual charge
currents in the lower circuit vanish identically, and there-

fore I(c)drag is zero even in the case of asymmetric barriers
(RL2 6= RR2). On the other hand, no conservation holds
for the heat currents38 in the lower circuit so that the two
heat currents, I(h)L2 and I(h)R2 , are in general non-vanishing.
In particular, for symmetry reasons they are equal when

RL2 = RR2, and therefore I(h)drag is finite only in the case
of asymmetric barriers. The presence of heat currents
in the lower circuit is a result of the energy transferred
from the upper circuit, thanks to the capacitive coupling.
Indeed, as detailed in the following, this energy transfer
occurs through the dependence of �U2, which controls the
transition rates for the lower island, on the charge state
of the upper island n1, see Eq. (13).

For the sake of definiteness, let us assume that the rele-
vant charge states are (0, 0), (0, 1), (1, 0) and (1, 1). Thus
the jumps in electrostatic energy related to the currents
in the lower island are

�U2(0, 0) = EC(1 � 2nx2) � EInx1, (16)

for the case where the upper island is empty, and

�U2(1, 0) = EC(1 � 2nx2) + EI(1 � nx1), (17)

for the case where the upper island is occupied. When
nx1 = nx2 = 1/2 we obtain �U2(0, 0) = �EI/2 and
�U2(1, 0) = +EI/2. The energy scheme for the lower is-
land is represented in Fig. 3 panel a) for the former case
and in panel b) for the latter case. If we assume a small
temperature T , an electron can jump on the island from
one of the electrodes only when the upper island is empty,
since the corresponding chemical potential �U2(0, 0) is
below the electrochemical potential of the leads (set to
0), see panel a). Such an electron can jump out of the
island only when the upper island gets occupied, since
the chemical potential �U2(1, 0) is now greater than 0.

This sequence of processes allows the heat currents I(h)L2

and I(h)R2 to be finite as long as the interaction energy
EI 6= 0. Such heat currents can be modulated by varying
nx1 and nx2, which produces a rigid shift of the position
of the two chemical potentials �U2(0, 0) and �U2(1, 0),
see Eqs. (16) and (17).
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as charge is concerned, current conservation in the lower

circuit (I(c)L2 +I(c)R2 = 0) implies that the individual charge
currents in the lower circuit vanish identically, and there-

fore I(c)drag is zero even in the case of asymmetric barriers
(RL2 6= RR2). On the other hand, no conservation holds
for the heat currents38 in the lower circuit so that the two
heat currents, I(h)L2 and I(h)R2 , are in general non-vanishing.
In particular, for symmetry reasons they are equal when

RL2 = RR2, and therefore I(h)drag is finite only in the case
of asymmetric barriers. The presence of heat currents
in the lower circuit is a result of the energy transferred
from the upper circuit, thanks to the capacitive coupling.
Indeed, as detailed in the following, this energy transfer
occurs through the dependence of �U2, which controls the
transition rates for the lower island, on the charge state
of the upper island n1, see Eq. (13).

For the sake of definiteness, let us assume that the rele-
vant charge states are (0, 0), (0, 1), (1, 0) and (1, 1). Thus
the jumps in electrostatic energy related to the currents
in the lower island are

�U2(0, 0) = EC(1 � 2nx2) � EInx1, (16)

for the case where the upper island is empty, and
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for the case where the upper island is occupied. When
nx1 = nx2 = 1/2 we obtain �U2(0, 0) = �EI/2 and
�U2(1, 0) = +EI/2. The energy scheme for the lower is-
land is represented in Fig. 3 panel a) for the former case
and in panel b) for the latter case. If we assume a small
temperature T , an electron can jump on the island from
one of the electrodes only when the upper island is empty,
since the corresponding chemical potential �U2(0, 0) is
below the electrochemical potential of the leads (set to
0), see panel a). Such an electron can jump out of the
island only when the upper island gets occupied, since
the chemical potential �U2(1, 0) is now greater than 0.

This sequence of processes allows the heat currents I(h)L2

and I(h)R2 to be finite as long as the interaction energy
EI 6= 0. Such heat currents can be modulated by varying
nx1 and nx2, which produces a rigid shift of the position
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 Dragged heat current results from energy transferred from 
drive circuit, through this mechanism

 Heat current associated to this processes: EI
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FIG. 4: Dragged heat currents plotted as functions of nx2

for di↵erent values of nx1. The results accounting for se-
quential tunneling only are plotted in black, while ... RL1 =
RR1 = RL2 = 5RQ, RR2 = 10RQ, kBT = 0.05EC , and
EI = 0.4EC . a) �T = 0 and V = 0.08EC/e, b) V = 0
and �T = 0.08EC/kB . The heat current is given in units of

I(h)
0 = e2/(4C2R).

over one order of magnitude bigger in the case nx1 = 1/2,
with respect to the cases nx1 = 0.4 and nx1 = 0.6. The
reason for this behavior is related to the fact that in the
former case the heat current in the drive circuit (and
therefore the energy transferred in the lower circuit) is
maximum.

We checked that the position and the shape of the
peaks does not change by varying the value of V , while
the maximum value increases with it. On the contrary,
an increase in the temperature T produces a proportional
increase in the width of the peaks, on the one hand, and
a decrease in the separation between the peaks, on the
other. Thus, temperature seems to have a less intuitive
e↵ect on the dragged heat current. In Fig. 4b) we show
plots of the dragged heat current in the presence of a

thermal bias in the drive circuit. The behavior of I(h)drag
in this case is similar to the one in the presence of a
voltage bias, with the following little di↵erences: i) the
value of the heat current for the cases nx1 = 0.4 and
nx1 = 0.6 is not dramatically suppressed with respect to

the nx1 = 1/2 case (a factor 4 with respect to a factor
20); ii) the shift in the positions of the peaks for the cases
nx1 = 0.4 and nx1 = 0.6 is smaller with respect to the
voltage-bias case.

Let us now concentrate on the role of EI on the dragged
heat current. Notice that the interaction energy can be
expressed as

EI = EC
2

1 + C̃
CI

, (23)

where C̃ ⌘ C̃1 = C̃2, and that it is bounded by the

inequality EI  2EC . In Fig. 5, I(h)drag is plotted as
a function of EI for the voltage bias case (solid black
line) and for the thermal bias case (dashed red line)
for nx1 = nx2 = 1/2. As a general feature we note
that the dragged heat current is maximal for interme-
diate values of EI. This agrees with the fact that, on

the one hand, I(h)drag must decrease for large values of EI

as a consequence of the fact that the probability p(1, 1),
thus the occurrence of the process depicted in Fig. 3(b),
gets suppressed (indeed, EI represents the inter-island
Coulomb repulsion which hinders the occupation of the
lower island when the upper island is occupied). On the

other hand, I(h)drag vanishes for EI = 0 due to the ab-
sence of electrostatic coupling. In Fig. 5, while the thick
lines are numerical results, the thin lines are the analyt-
ical solutions for small voltage and temperature biases,
Eqs. (18) and (19). It worthwhile stressing that while
the red curves coincide, the black curves closely match
only for EI < 0.2EC and thereafter depart significantly.
This is due to the fact that, despite kB�T is small with
respect to EC , kB�T is large when compared to kBT .
The position of the maxima Emax

I , in particular, are well
predicted by the analytical expressions, Eqs. (18) and
(19), even for larger values of �T and V . The solution
of a transcendent equation yield Emax

I ' 5.5kBT , for the
voltage bias case, and Emax

I ' 8.5kBT , for thermal bias
case. Finally, unlike Eqs. (18) and (19), we notice that

I(h)drag at nx1 = nx2 = 1/2 for large enough V and �T
depends on EI not only through the ratio EI/(kBT ).

We conclude this section by comparing the heat cur-

rent in the drive circuit, for example I(h)R1 , with the one in

the drag circuit, for example I(h)R2 . In the case of a ther-

mal bias, it turns out that I(h)R2 < I(h)R1 , as expected from

the fact that I(h)R1 is linear in �T , while I(h)R2 is quadratic
in �T (at least for small values of �T ). In the voltage-

bias case, surprisingly, we find that I(h)R2 is larger than I(h)R1
for large enough interaction energy, as shown in Fig. 6,
where the crossing occurs at Ecross

I ' 0.4EC . More pre-
cisely, the value of Ecross

I decreases linearly by decreasing
T , thereafter saturating, for small T , to a finite value of
EI ⇠ eV , i. e. very close to the applied voltage.

Ø Dependence on gate voltage

co-tunneling included

I(h)0 = e2/(4C2R)

 Width independent of EI, but controlled by temperature 
 Maximum occurs in the symmetric energy configuration

EI = 0.4EC

kBT = 0.05EC

kB�T = 0.08EC

RL1 = RR1 = RL2 = 5RQ

RR2 = 10RQ
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Ø Sequential tunnelling, small bias
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Ø Sequential tunnelling, dependence on inter-island coupling
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Ø Sequential tunnelling, drag-drive comparison
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Ø Cotunnelling contributions, large bias
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Ø Energy-dependent couplings: superconductor
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Conclusions
Ø Thermal drag in capacitively-coupled metallic islands

 Sequential tunneling regime 
 Co-tunneling contributions 

 Analytic expressions for heat currents for small 
biases 

 Dependence on the inter-islands coupling 

 Energy-Dependent island-lead couplings


